Abstract. We compute Hochschild cohomology and Hochschild homology for arbitrary finite dimensional quantum complete intersections. It turns out that their behaviour varies largely, depending on the choice of commutation parameters, and we will give precise criteria when to expect what behaviour.
Introduction
Quantum complete intersections first appear in the work of Avramov, Gasharov, and Peeva [1] . Based on the introduction of quantized versions of polynomial rings by Manin [6] they introduced the notion of quantum regular sequences.
In this paper we restrict to finite dimensional quantum complete intersections, that is algebras of the form k x 1 , . . . , x c /I, where I is an ideal generated by x n i i for some n i ∈ N ≥2 , and x j x i − q ij x i x j for some commutation parameters q ij from the multiplicative group of the field.
In particular in the case of two variables it has been observed that the homological behaviour of finite dimensional quantum complete intersections varies greatly depending on the commutation parameters:
Buchweitz, Green, Madsen, and Solberg [5] have given a finite dimensional quantum complete intersection as the first example of an algebra of infinite global dimension which has finite Hochschild cohomology. This has been generalized by Bergh and Erdmann [2] , who have shown that a finite dimensional quantum complete intersection of codimension 2 (that is c = 2 in the description above) has infinite Hochschild cohomology if and only if the commutation parameter is a root of unity.
On the other hand, Bergh and the author [3] have shown that in the situation that all commutation parameters are roots of unity, the Hochschild cohomology of a quantum complete intersection is as well behaved as in the commutative case: It is a finitely generated k algebra, and any Ext * (M, N) for any finite dimensional modules M and N over the quantum complete intersection is finitely generated as a module over the Hochschild cohomology ring. In this paper we give a general description of Hochschild cohomology and homology of finite dimensional quantum complete intersections.
In Theorems 3.4 and 7.4 we explicitly determine a k-basis for the Hochschild cohomology and homology, respectively.
Using these results we study the size of the Hochschild cohomology and homology in the following sense: We denote by γ(HH * (Λ)) = inf{t ∈ N | lim sup dim k HH n (Λ) n t−1 < ∞} the rate of growth of Hochschild cohomology (and similar for Hochschild homology). We obtain explicit combinatorial formulas for γ(HH * (Λ)) and γ(HH * (Λ)) in Theorems 4.5 and 8.2, respectively. In particular it will be shown (as Corollary 4.6) that whenever not all commutation parameters are roots of unity we have γ(HH * (Λ)) ≤ c − 2. For c = 2 that means that the Hochschild cohomology is finite. This explains why there are essentially only two cases for c = 2, while we obtain more different behaviour for larger c.
We will also generalize Bergh's and Erdmann's result ( [2] ) in another way: It will be shown that whenever the commutation parameters are sufficiently generic the Hochschild cohomology of the quantum complete intersection is finite (see Example 6.2).
Finally we will study the multiplicative structure of the Hochschild cohomology ring. It will turn out (Theorem 5.5) that it always contains a subring S which is finitely generated over k, and isomorphic to the quotient of Hochschild cohomology modulo its nilpotent elements. We will give a criterion when the entire Hochschild cohomology ring is finitely generated over this subring (Theorem 5.9). We will give examples (6.4 and 6.5) that all the following behaviours occur (for c ≥ 3):
, and HH * (Λ) is finitely generated over S, and • γ(S) = γ(HH * (Λ)) = c−2, but HH * (Λ) is not finitely generated over S.
Notation and background
Throughout this paper we assume k to be field.
Quantum complete intersections. (see also [2, 3, 4])
A finite dimensional quantum complete intersection of codimension c is a k-algebra of the form
, where k × denotes the multiplicative group k\{0}. For convenience of notation we also define q ij for i ≥ j: We set q ii = 1 for any i ∈ {1, . . . , c} and q ij = q −1 ji for 1 ≤ j < i ≤ c. Note that the relations x j x i − q ij x i x j for 1 ≤ j ≤ i ≤ c are automatically satisfied in Λ n q . Note that Λ n q is a Z c -graded algebra by |x i | = degree(x i ) = e i , the i-th unit vector. We will denote by ≤ the partial order on Z c defined by comparing vectors component wise, and by 1 = e i the vector with 1 in every component. With this notation we have that the dimensions of the graded component of degree
For a ∈ N c (here N denotes the non-negative integers, i.e. includes 0) we will write
. Note that the multiplication yields something different if we multiply in another order. In particular we do not have x a x b = x a+b . By setting
we obtain the multiplication formula
Hochschild (co)homology. Let Λ be a finite dimensional algebra. We set Λ en = Λ ⊗ k Λ op the enveloping algebra. Then Λ en -modules are Λ-Λ bimodules on which k acts centrally. In particular Λ has a natural structure of a Λ en -module. Then HH * (Λ) = Ext * Λ en (Λ, Λ) and HH * (Λ) = Tor Λ en * (Λ, Λ) are the Hochschild cohomology and Hochschild homology of Λ respectively. With the Yoneda multiplication of extensions HH * becomes a Z-graded k-algebra, which is graded commutative (see [7] ).
Note that if Λ is graded then so is Λ en , and Λ is a graded Λ en -module. It follows that for any i ∈ N the Hochschild homology and cohomology groups HH i (Λ) and HH i (Λ) are also graded.
Projective resolutions. In order to determine the Hochschild homology and cohomology of a quantum complete intersection Λ = Λ n q we need to find a projective resolution of Λ as Λ en -module. Moreover we want to keep track of the Z c -grading, so we will need a graded projective resolution.
It has been shown in [3, Lemma 4 .5] that we can find such a graded projective resolution by tensoring together the projective resolutions of the k[
en modules. To simplify notation we
Then the graded projective resolution of Λ i as a bimodule is
where Λ en i s is the graded module obtained from Λ en i by increasing the degree of all homogeneous elements by s. Note that here all the bimodules are shifted into place such that all the morphisms have degree 0.
With this notation by [3, Lemma 4.5] we have that the total complex
is a graded projective resolution of Λ.
Note that the term in position p ∈ N c of the c-tuple complex
To keep notation compact define the function s :
Moreover we will also need the following left inverse of the function s:
In the c-tuple complex
. We have to recall how these are identified with Λ en s .
Lemma ([3, Lemma 4.3]).
For s ∈ Z c we may identify
If we choose this identification such that
Of course the differentials occurring in the various directions of the ctuple complex are of particular interest. Therefore we note that under the identification of Lemma 2.1 we have
Technical notation. We need the following technical definitions to keep notation short in the rest of the paper. I -We set Q = (q ij ) ij , and think of Q as a (skew symmetric) matrix with entries in the abelian group k × . That is, Q represents the morphism of abelian groups
As usual for matrices we will denote the image of d ∈ Z c under this map by Qd, and its i-th component by (Qd) i .
For A, B ⊆ {1, . . . , c} we denote by Q A×B the submatrix only containing the rows in A and the columns in B, that is the matrix representing the composition
II -We set
III -For a Z-submodule K of Z a we denote by pos.rk K the rank of the Z-submodule K ′ of K generated by K ∩ N a . For example, pos.rk
Hochschild cohomology
We wish to calculate for any d ∈ Z c the degree d part of the Hochschild cohomology. Then we will obtain the entire Hochschild cohomology by adding up these parts.
In order to calculate the degree d part of cohomology we have to first understand the set
of degree d morphisms from the terms of the projective resolution to Λ.
is non-zero if and only if 0 ≤ s + d ≤ n − 1, and then it is the one dimensional k-vector space generated by
Proof. Clearly any Λ en -homomorphism from Λ en s to any other module is uniquely determined by the image of 1 ⊗ 1. If the morphism is to be of degree d then this image can only be a scalar multiple of x s+d . We choose the image of 1 ⊗ 1 to be q s+d|s+d x s+d and obtain the formula of the lemma by extending Λ en -linearly.
This means that for d ≤ n−1 the c-tuple complex Hom 1 ⊗ x i and
3.3. Lemma. Let s and d be such that 0 ≤ s + d ≤ n − 1, and let i ∈ {1 . . . c}.
(1) Assume further that Proof. We only prove (2), the proof of (1) 
if q e i |d = q We have shown that the vanishing of the maps on the edges in direction i of the cube Hom
that is, if one edge in direction i vanishes, then all vanish. Note also that if all the edges in one direction are isomorphisms, then the total complex is acyclic. Hence we have shown 3.4. Theorem. Let Λ = Λ n q be a quantum complete intersection, and let d ≤ n − 1. We divide the set {1 . . . c} into the following three parts:
Then HH * ,d (Λ) = 0 if and only if the following hold:
• for any i ∈ I 1 we have (Qd) i ∈ R i , and
• for any i ∈ I 2 we have (Qd) i = 1. In this situation HH * ,d (Λ) has the k-vector space basis 
Let us now compare this result to the description of Ext * Λ (k, k) obtained in [3] . More precisely: tensoring over Λ with k yields a map from Hochschild cohomology to the Ext-algebra of the Λ-module k. Our aim now is to determine its image. By [3, Theorem 5.3] the latter ring has the following form:
where |y i | = (1, −e i ) and |z i | = (2, −n i e i ).
Corollary. With the above notation the image of the map (−
That is the sum runs over exactly those graded pieces, where the corresponding graded piece of Hochschild cohomology does not vanish.
Proof. By construction the image cannot be bigger than the sum of the corollary. To see that any Ext * ,d (k, k) with d as specified under the sum is contained in the image first note that
Note that the condition for Ext * ,d (k, k) not vanishing is equivalent to asking that d = −s(p) for some p ∈ N c . Now by definition E d p is represented by a map sending 1 ⊗ 1 to 1 in position p, and hence it does not vanish when being tensored over Λ by k. Therefore the image is at least one dimensional in degree d.
The rate of growth of Hochschild cohomology
In this section we study how big the Hochschild cohomology of a finite dimensional quantum complete intersection is. Our way to measure the size is the rate of growth as explained in the following definition. 4.1. Definition. Let X = ∞ i=0 X i be an N-graded k-module, such that the X i have finite k-dimension. The rate of growth of X, denoted γ(X), is defined as
Note that if X is a graded commutative ring which is finitely generated over k, then γ(X) = Krull.dim X. However this assumption is not always satisfied for the Hochschild cohomology ring of quantum complete intersections (see Sections 5 and 6).
We first decompose Hochschild cohomology as follows:
Clearly this yields a decomposition HH * (Λ) = G⊆{1,...,c} HH * G (note that the sum will usually not be direct), and hence 
Proof of 4.3. By construction HH
Since for any d there are at least one and at most 2 c possible values of p, we can just as well only count legal values of d. Since d is fixed outside G, we may restrict our attention to the G part of the indices.
Now the claim follows from Observation 4.4.
Summing up the results for the HH * G we have shown 4.5. Theorem. The rate of growth of the Hochschild cohomology of a finite dimensional quantum complete intersection is max{pos.rk Ker Q G×G |G ⊆ {1, . . . , c} such that there is
4.6. Corollary. For a finite quantum complete intersection either all q ij are roots of unity, or the rate of growth of Hochschild cohomology is at most c − 2.
Proof. Assume not all q ij are roots of unity. Then we have rk Ker Q ≤ c − 2, since Q is skew symmetric. Hence pos.rk Ker Q ≤ c − 2. Now we consider G with |G| = c − 1, that is G = {1, . . . , c} \ {h} for some h. If rk Ker Q G×G ≤ c − 2 there is nothing to show, so assume Q G×G only contains roots of unity. Since Q does not only contain roots of unity there is i ∈ G such that q ih is not a root of unity. But then (Qd) i cannot be a root of unity for any d ∈ Z c with d h = n h − 1 = 0. Hence this G is not to be considered in the maximum of Theorem 4.5.
On the multiplicative structure of Hochschild cohomology
In this section we will identify a subring S of the Hochschild cohomology ring, which is a finitely generated commutative k-algebra without zero divisors, and is isomorphic to Hochschild cohomology modulo nilpotent objects. We will completely describe S, determine its Krull dimension, and determine when the entire Hochschild cohomology ring is finitely generated as a module over S.
By Theorem 3.4 we know that Hochschild cohomology has a k-vector space basis
For simplicity of notation we set E d p = 0 whenever d and p do not satisfy the conditions above. Then we always have
We are particularly interested in the non-nilpotent elements of the Hochschild cohomology ring. For simplicity of notation, we give the remaining candidates a new name:
such that there is i ∈ {1, . . . , c} with n i > 2 and p i is odd. Then s p is nilpotent.
Proof. Straightforward calculation shows that (s p )
2 satisfies the assumption of Lemma 5.1.
Now we set
∀i with p i odd : n i = 2 and (Qs(p)) i ∈ R i By the above two lemmas the composition
is onto. Our next aim is to understand how the elements of S are multiplied with each other and with the other E 
Proof. It suffices to verify that the map given in the lemma is a map of c-tuple complexes, since then it clearly does the right thing in position p. This amount to checking that various squares commute. Doing so is a (somewhat tiresome) straightforward calculation, with four different cases according to the parity of the p i and r i .
Corollary. We have
We sum up these results in the following theorem. In particular S is a finitely generated k-algebra without zero-divisors.
is an isomorphism. Hence
is a split quotient of HH * (Λ), which is isomorphic to S.
We conclude this section by giving a precise criterion of when the entire Hochschild cohomology ring is finitely generated over S. Proof. Clearly we may assume HH * G = 0. Note that the s p with p i = 0 for some i ∈ {1, . . . , c} \ G annihilate HH * G , and hence that HH * G = 0 is actually a module over the split quotient
Now note that γ(S G ) = pos.rk Ker Q {1,...,c}×G . Since moreover S G acts on HH * G without zero-divisors the claim follows. 5.8. Corollary. For any finite dimensional quantum complete intersection HH * {1,...,c} is a finitely generated S-module. 5.9. Theorem. The Hochschild cohomology ring is finitely generated as a module over S if and only if × not a root of unity, and c ∈ N ≥3 . Let Λ be a codimension c quantum complete intersection with q ij = 1 for i, j < c − 1, q i,c−1 = q for i < c − 1,
One easily sees that S = k. A case by case study (according to for which i we have d i = n i − 1) shows that the subspace HH * {1,...,c−2} has a finite dimensional complement in HH * (Λ). It is non-empty if and only if n c−1 = n c , and in that case it follows that HH * (Λ) is finitely generated over S if and only if n c−1 = n c .
Hochschild homology
To calculate Hochschild homology, we proceed as for Hochschild cohomology. That is we calculate for any d ∈ Z c the degree d part of the Hochschild homology. The actual calculations are very similar to the corresponding ones in Section 3, and will therefore be omitted here. As in the case of cohomology, it follows that the c-tuple complex (P 1 ⊗ · · · ⊗ P c ⊗ Λ en Λ) d is concentrated in a cube (with sides of length 0 or 1), where there is a one-dimensional space in each corner of the cube.
Next 
